I review a recent progress in understanding the Regge asymptotics in perturbative QCD including the behaviour of the structure functions of DIS at small Bjorken x.
Introduction
The aim of this talk is to give a short review on the recent developments in understanding the small−x (and, in general, Regge) asymptotics in perturbative QCD.
The present experimental data indicate a power-like bevahiour of the structure functions of deep inelastic lepton scattering at small values of Bjorken x,
2 ) ∼ x −ε , for 10 −4 < x < 10
with ε ≈ 0.3. At small x, the structure function measures the total cross section of deep inelastic scattering γ * (Q) + p → X in the extreme limit of high center-of-mass energies s = Q 2 (1 − x)/x ≫ Q 2 , in which the famous Regge model emerges [1] . The Regge model interprets the increasing of the structure * Plenary talk given at the Workshop on Deep Inelastic Scattering and QCD, Paris, April 1995 † Also at the Laboratory of Theoretical Physics, JINR, Dubna, Russia + Laboratoire associé au Centre National de la Recherche Scientifique (URA D0063) function at high energies, or equivalently at small x, by introducing the notion of the Pomerons as Regge poles of the moments 1 0 dx x ω F 2 (x, Q 2 ) in the complex ω−plane. The contribution of the Pomerons to the structure function is given by
where summation is performed over "quantum numbers" of the Pomerons IP. Here, α IP is the Pomeron intercept and β IP p and β IP γ * are the so-called residue factors corresponding to proton and photon, respectively. Although the Regge model gives a successful phenomenological description of the experimental data in terms of "hard" (perturbative) and "soft" (nonperturbative) Pomerons [2] it is still unclear whether the model is consistent with QCD.
The first attempts to understand the status of the "hard" Pomerons within perturbative QCD were undertaken more than 20 years ago and they have led to the discovery of the BFKL Pomeron [3] . The BFKL Pomeron was found in the leading logarithmic approximation (LLA), α s ≪ 1 and α s ln x ∼ 1, and at arbitrary small x it leads to unrestricted rise of the structure function, or equivalently of the parton densities in proton, and violates the unitary Froissart bound [1] F 2 (x, Q 2 ) < const. × ln 2 x for x → 0 .
This means that at x → 0 the BFKL Pomeron alone is not sufficient to describe the small−x asymptotics of the structure function. One has to identify the "nonleading" Pomerons whose contribution to the structure function is suppressed in the LLA by powers of α s with respect to that of the BFKL Pomeron but which become important for smaller values of x. In the next Sections the recent progress on this problem will be reviewed.
QCD Pomeron -20 years later

Perturbative QCD Pomeron
Perturbative expansion of the structure function of DIS at small x and fixed Q 2 has the following general form [4]
Here, α s ≪ 1 and α s ln x is a large parameter at small x. The coefficient functions f m,m−k (Q 2 ) depend on the internal structure of the proton and on the photon virtuality Q 2 . It is clear that the number of different terms in (3) rapidly increases to higher orders in α s and in order to find the structure function at small x one has to develop a "good" approximation to F 2 (x, Q 2 ) which, first, correctly describes the small−x asymptotics of the infinite series (3) and, second, preserves the unitarity constraint (2) .
To satisfy the first condition, one can neglect in (3) the terms containing f m,m−1 , ..., f m,0 as suppressed by powers of α s with respect to the leading term f m,m . The resulting series defines F 2 (x, Q 2 ) in the LLA and it was resummed by BFKL [3] to all orders in α s
with N c the number of quark colors. As was stressed before, this expression violates the unitary bound (2) . In order to preserve the unitarity of the S-matrix of QCD and fulfill (2) we have to take into account an infinite number of nonleading terms in (3) . This means that with the unitarity condition taken into account the series (3) does not have any "natural" small parameter of expansion like α s . However, instead of searching for this parameter one may start with the LLA result (4) and try to identify the nonleading terms in (3), which should be added to (4) in order to restore the unitarity. At present, the following three unitarization schemes are known:
-effective reggeon field theory [5, 6, 7] -generalized leading logarithmic approximation [8, 4, 9] -dipole model [10] .
Each of them was developed to resum special class of corrections which are expected to be dominated at small x. Namely, at small x the parton densities in parton increase and one has to deal with the dense system of interacting partons. In this situation the description of the process in terms of "bare" quarks and gluons becomes inappropriate and one should instead identify a new collective degrees of freedom in terms of which the dynamics becomes simpler. In the first two unitarization schemes, the reggeized gluons (or Reggeons) [3] play the role of such degrees of freedom while in the last scheme one deals with the color dipoles [10] . The difference between the first two schemes is that in the generalized LLA the unitarity is preserved only in the direct channels of DIS but not in subchannels corresponding to the different groups of particles the final state.
Generalized leading logarithmic approximation
In what follows we will analyze the structure function at small x in the generalized LLA. Once we identified the Reggeons as a new collective degrees of freedom in QCD at small x, we may try to develop a new diagram technique for calculation of the structure function [8, 4, 9] . Namely, an infinite set of standard Feynman diagrams involving "bare" gluons can be replaced by a few Reggeon diagrams describing propagation of Reggeized gluons and their interaction with each other. Each Reggeon diagram appears as a result of resummation of an infinite number of Feynman diagrams with "bare" gluons.
In the generalized LLA the Reggeon diagrams have the form shown on fig. 1 . Using the optical theorem, the structure function is defined as an imaginary part of their contribution. Solid lines represent Reggeons propagating in the t−channel and dotted lines denote interaction of reggeized gluons. Upper and lower blobs describe the coupling of Reggeons to the virtual photon,
, and proton states, respectively. The interaction between Reggeons is elastic and pair-wise. This means that the number of Reggeons emitted by proton is not changed and the diagrams of fig. 1 describe the propagation in the t−channel of the conserved number k = 2, 3, ... of pair-wise interacting Reggeons. As a result, the structure function is given in the generalized LLA by a sum of k−Reggeon diagrams whose contribution can be represented as
where k is the conserved number of Reggeons in the t−channel and the functions F (k) (x, Q 2 ) have the following form
Comparing (3) and (5) we notice that both expansions are similar and, moreover, the nonleading corrections to the structure function can be associated with the contribution of the k−Reggeon diagrams. In the LLA, the functions F (k) are of the same order for different k and the contribution of the k−Reggeon diagrams to (5) is suppressed by powers of α s with respect to the leading term, F (2) , which describes the propagation of two Reggeized gluons. At smaller values of x, the growth of the functions F (k) overwealms the suppression by powers of α s in (5) and one has to take into account all functions F (k) in the expansion (5). This is a scenario of how nonunitarity of the LLA result is restored in the generalized LLA. The calculation of the k−Reggeon diagrams can be effectively performed using the Bartels-KwiecinskiPraszalowicz resummation technique [4, 9] . It turns out that for fixed number of Reggeons, k, the functions F 
which appears as a contribution of the compound states of k Reggeized gluons with vacuum quantum numbers, IP k , and intercept α k . Thus, the Pomerons naturally appear in the generalized LLA as compound states of Reggeized gluons. The simplest example of such states, the k = 2−Reggeon state [3, 11] , defines the structure function in the LLA, eq. (4), and it is identical to the BFKL Pomeron with the intercept
Finally, for the structure function of DIS we find the following expression in the generalized LLA [12] :
where the first sum goes over all possible number k of Reggeons propagating in the t−channel and the second summation is performed over all possible sets of the quantum numbers {q} parameterizing k−Reggeon compound states. Here, the energy of the k−Reggeon compound state, E k,{q} , is defined as the eigenvalue of the hamiltonian H k describing a pair-wise interaction of k Reggeons [4, 9] 
The eigenstate |χ k,{q} is the wave function of the Reggeon compound state and the residue factors
measure its coupling to the photon and proton states. The expression (8) is very similar to the predictions of the Regge model (1) provided that we identify the intercept of the Pomerons IP k as the maximal energy of the k Reggeon states
To find the structure function (8) one has to solve the Schrödinger equation (9) for the system of k Reggeons. The hamiltonian H k describes elastic pairwise interaction between k Reggeons and it acts both on momenta and color charges t a j (j = 1, ..., k) of the Reggeons
Each Reggeon carries the same color charge as a "bare" gluon, (t a ) bc = −if abc , while the total color charge of k Reggeons is preserved and it is equal to zero for color singlet Pomeron state. Another remarkable property of Reggeon hamiltonian is that the two-particle hamiltonian H ij changes only 2-dimensional transverse components of the Reggeon momenta and it does not affect longtitudinal components [3] .
Thus, the equation (9) has a form of (2+1)-dimensional Scrödinger equation for the system of k particles with additional color degrees of freedom. One should notice that this equation has been solved in the special case of k = 2 Reggeon states, or BFKL Pomeron [3] , and it remained unclear whether it can be solved for an arbitrary k. Recently, a significant progress has been achieved [13, 14] after it was realized that in the multi-color limit, N c → ∞, the Schrödinger equation (9) has an interesting interpretation in terms of exactly solvable lattice models [15] .
Multi-color limit
The interaction between Reggeons can be simplified by taking the multi-color limit [16] , α s N c = fixed and N c → ∞, and passing by means of Fourier transformation from two-dimensional transverse momenta of Reggeons to two-dimensional impact parameter space, b ⊥ = (b 1 , b 2 ). After these transformations, the Reggeon hamiltonian takes the following form [17] 
The hamiltonians H k andH k act on holomorphic and antiholomorphic coordinates of the Reggeons in the impact parameter space, z = b 1 + ib 2 andz = b 1 − ib 2 , respectively, and describe nearest-neighbour interaction between k Reggeons
where z m andz m are holomorphic and antiholomorphic coordinates of the m−th Reggeon and periodic boundary conditions z k+1 = z 1 andz k+1 =z 1 are imposed. The interaction hamilonian of two Reggeons with coordinates (z 1 ,z 1 ) and (z 2 ,z 2 ) in the impact parameter space, is given by the so-called BFKL kernel [17] ,
where ψ(x) = d dx ln Γ(x) and the operator J 12 is defined as a solution of the equation
with ∂ m = ∂/∂z m . The expression for H(z 1 ,z 2 ) is similar to (12) . It follows from (11) that in the multi-color limit the 2-dimensional Reggeon hamiltonian H k describing the pair-wise interaction of k Reggeons turns out to be equivalent to the sum of two 1-dimensional mutually commuting hamiltonians: [H k ,H k ] = 0. This allows to reduce the original (2+1)-dimensional problem (9) to the system of two (1+1)-dimensional Schrodinger equations [17] H k |ϕ k,{q} = ε k,{q} |ϕ k,{q} ,
where the wave functions ϕ k,{q} andφ k,{q} depend only on holomorphic and antiholomorphic coordinates of the Reggeons, respectively. Then, in the multi-color limit the spectrum of the k Reggeon states can be found as
We conclude that starting with the calculation of the structure function of DIS at small x in (3+1)-dimensional multi-color QCD in the generalized LLA we came to the solution of the system of (1+1)-dimensional Schrödinger equations (14).
Multi-color QCD at small x as XXX Heisenberg magnet
For fixed number of Reggeons, k, each of the Schrödinger equations in (14) describes the system of k onedimensional particles on a line interacting with their neighbours via hamiltonian (12) . It is of no surprise now that this quantum-mechanical system can be exactly solved for k = 2 particles leading to the BFKL Pomeron, but it is not obvious that the same could be done for an arbitrary number of Reggeons. The famous example of one-dimensional exactly solvable multiparticle system is the XXX Heisenberg chain of k interacting s = 1/2 spins with the hamiltonian [15] 
where S m are spin s = 1/2 operators in the m−th site. It turns out [18] that this simple model admits nontrivial generalizations to the XXX magnets for an arbitrary complex value of the spin s. Moreover, in the special case s = 0 the hamiltonian of the XXX magnet turns out to be identical to the holomorphic QCD hamiltonian defined in (12) . To explain this correspondence let us consider the one-dimensional lattice with periodic boundary conditions and with the number of sites, k, equal to the number of Reggeons. Each site is parameterized by holomorphic coordinates z m (m = 1, ..., k) and the spin s = 0 operators are introduced in all sites as follows
Then, the hamiltonian of exactly solvable XXX magnet of spin s = 0 is defined as [18, 14] 
where the operator R m,m+1 , the so-called fundamental R-matrix, satisfies the Yang-Baxter equation and it is given by [19] R 12 (λ) = Γ 2 (iλ + 1)
with J 12 introduced in (13) . One can easily check that thus defined "holomorphic" two-particle hamiltonian of the XXX Heisenberg magnet of spin s = 0, (15), coincides with the holomorphic hamiltonian of Reggeon interaction (12) . This leads to the following identity between hamiltonians of two models
which immediately implies that the system of the Schrödinger equations (14) describing the multi-color QCD Pomerons in the generalized LLA is completely integrable [13, 14] . Moreover, it follows from (16) , that the k Reggeon compound states share all their properties with the eigestates of the XXX Heisenberg magnet for spin s = 0. In particular, changing a sign of the Reggeon hamiltonian (11) one could obtain [12] that the intercept of the k−Reggeon states, (10) , is a ground state energy of the XXX magnet . The latter can be found by using the Bethe Ansatz technique [20, 21, 22, 23] . This program was initiated in [14, 12] where the generalized Bethe Ansatz was developed for diagonalization of the Reggeon hamiltonian.
Bethe Ansatz for QCD Pomerons
The fact that the system of Schrodinger equations (14) is completely integrable implies that there exists a family of "hidden" holomorphic and antiholomorphic conserved charges, {q} and {q}, which commute with the Reggeon hamiltonian (11) and among themselves. Their explicit form can be found using the quantum inverse scattering method as [13, 14] (17) with z ij ≡ z i − z j and the expression forq m is similar. The appearance of these operators is closely related to the invaiance of the Reggeon hamiltonian (11) under conformal SL(2,C) transformations [11] z → az + b cz + d ,z →āz +b cz +d (18) where ac − bd =āc −bd = 1. Indeed, we recognize q 2 andq 2 as quadratic Casimir operators of the SL(2,C) group while the remaining conserved charges {q m ,q m }, m = 3, ..., k can be interpreted as higher Casimir operators. The Reggeon compound states belong to the principal series representation of the SL(2,C) group and under the conformal transformations (18) they are transformed as quasiprimary fields with conformal weights (h,h) [24] . The k Reggeon states diagonalize the operators {q,q} and the eigenvalues of the conserved charges q 2 , q 3 , . . ., q k play a role of their additional quantum numbers. In particular, the eigenvalues of the quadratic Casimir operators are related to the conformal weights of the k Reggeon state as
where the possible values of h andh = 1 − h * can be parameterized by integer n and real ν
As to remaining charges, q 3 , ..., q k , their possible values also become quantized [12] . The explicit form of the corresponding quantization conditions is more complicated and it was obtained in [25] . To find the explicit form of the eigenstates and eigenvalues of the k Reggeon compound states corresponding to a given set of quantum numbers {q,q} we apply the generalized Bethe Ansatz developed in [14, 12] . The Bethe Ansatz for Reggeon states in multi-color QCD is based on the solution of the Baxter equation
Here, Q(λ) is a real function of the spectral parameter λ, Λ(λ) is the eigenvalue of the so-called auxiliary transfer matrix for the XXX Heisenberg magnet of spin s = 0
and k is the number of Reggeized gluon or, equivalently, the number of sites of the one-dimensional spin chain. For fixed k it is convenient to introduce the function
and rewrite the Baxter equation (20) as
where ∆ is a second-order finite difference operator
Once we know the function Q(λ), the energy E k of the k−Reggeon compound state can be evaluated using the relation [14, 12] 
where the holomorphic energy ε k is defined as
The expression for the wave function of the k Reggeon states in terms of the function Q can be found in [14, 12] . The Baxter equation (23) has the following properties [12] . We notice that for q k = 0 it is effectively reduced to a similar equation for the states with k − 1 Reggeized gluons. The corresponding solution, Q(λ), gives rise to the degenerate unnormalizable k Reggeon states with the energy
These states should be excluded from the spectrum of the k Reggeon hamiltonian and solving the Baxter equation for k Reggeized gluons we have to satisfy the condition q k = 0 .
As a function of the quantum numbers, the holomorphic energy obeys the relations
which follow from the symmetry of the Baxter equation (23) under the replacement h → 1 − h or λ → −λ and q m → (−) m q m . This relation means that the spectrum of the Reggeon hamiltonian is degenerate with respect to quantum numbers h, q 3 , ..., q k . Then, assuming that the ground state of the XXX Heisenberg magnet of spin s = 0 is not degenerate we can identify the quantum numbers corresponding to the maximal value of the Reggeon energy as [12] For the states with odd number of Reggeons the latter condition is not consistent with (27) . We notice that the conformal weight h enters as a parameter into the Baxter equation (20) and, in general, one is interesting to find the solutions of (20) only for its special values (19) . In [14, 12] 
For integer positive conformal weight, h ≥ k, the solution, Q(λ), of the Baxter equation (20) under the additional condition (30) is given by a polynomial of degree h − k in the spectral parameter λ, which can be expressed in terms of its roots λ 1 , ..., λ h−k as follows [14, 12] 
Substituting (31) into (23) and putting λ = λ i we obtain that the roots satisfy the famous Bethe equation for the XXX spin chain
(32) Unfortunately, there is no a regular way of solving the Bethe equation (32) for an arbitrary number k of Reggeons. At the same time, for k = 2 Reggeon states the explicit solution of the Baxter equation (20) was found in [14, 12] 
(33) where 3 F 2 is the generalized hypergeometric function. This expression admits an interesting interpretation [12, 25] in terms of classical orthogonal polynomials and conformal field theories. Substituting the solution (33) into (25) we obtain the holomorphic energy of the k = 2 Reggeon states as [12] 
where ψ−function was defined in (12) . We substitute ε 2 (h) into (24) and analytically continue the result from integer h to all possible complex values (19)
This relation coincides with the well-known expression [3] for the energy of the k = 2 Reggeon compound state, the BFKL Pomeron. The maximum value of the energy
is achieved at h = 1/2 and it is in agreement with (7), (10) and (29). It is of most interest to find the solution of the Baxter equation (20) for higher k ≥ 3 Reggeon states. Different approaches have been proposed [12, 26] but explicit expression similar to that (33) for the BFKL Pomeron was not found yet.
It is not difficult however to solve the Baxter equation ( Recently, such kind of solution was found in [25] for an arbitrary number of Reggeons, k, in the special limit of large values of the conformal weight of the Reggeon states, h ≫ 1.
The method developed in [25] is based on the observation that after rescaling of the spectral parameter λ → λh in the Baxter equation (23), the operator ∆ can be replaced in the naive limit h → ∞ by a secondorder derivative. Then, the Baxter equation (23) takes a form of the one-dimensional Schrödinger equation for a particle in external potential, in which the inverse conformal weight 1/h of the Reggeon states plays a role of the Planck constant. This fact allows us to apply the well-known quasiclassical expansion and obtain the solution of the Baxter equation as well as quantized values of the charges and energy of k Reggeon states in the form of asymptotic series in 1/h. For large integer h the obtained analytical expressions completely agree with the results of numerical solutions while for small h the asymptotic expansions for the energy of k Reggeon states becomes divergent and it should be replaced by the asymptotic approximation. As first nontrivial application of these results, the intercept of the k = 3 Reggeon state, the so-called perturbative Odderon [27] , was obtained as [25] 
This relation estimates the Odderon intercept from above and it implies, in particular, that it is smaller than the intercept (7) of the BFKL Pomeron. The expression (35) is also in agreement with the lower bound for the Odderon intercept proposed in [28] .
Summary
It is still remains a challenge for QCD to understand the mechanism responsible for the rise of the structure function of DIS at small x. In this regime one has to deal with the system of strongly correlated partons in proton, for which "good" standard methods like operator product expansion are not applicable. It is widely believed that in the Regge limit and, in particular in the small−x limit, QCD should be replaced by a two-dimensional effective theory (dual models, QCD string etc.), in which Reggeons play a role of a new collective degrees of freedom. This theory should inherit all symmetries of QCD and one may try to identify them by studying the small x asymptotics of the structure function in DIS.
Indeed, analysing the small x limit of the structure function of DIS in the generalized LLA we found that multi-color QCD turns out to be equivalent to the exactly solvable XXX Heisenberg magnet for noncompact spin s = 0. This relation still looks mysterious and one should understand better its origin starting from QCD lagrangian. From practical point of view it allows us to apply the powerful methods of exactly solvable models for calculation the spectrum of Pomerons in perturbative QCD. The work in this direction is at the very beginning and one should expect a lot of surprises to come soon.
